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Abstract— In this paper, a variant of hybrid A* is
developed to find the shortest path for a curvature-
constrained robot, that is tethered at its start posi-
tion, such that the tether satisfies user-defined wind-
ing angle constraints. A variant of tangent graphs
is used as an underlying graph for searching a path
using A" in order to reduce the overall computa-
tion and define appropriate cost metrics to ensure
winding angle constraints are satisfied. Conditions
are provided under which the proposed algorithm is
guaranteed to find a winding angle constrained path.
The effectiveness and performance of the proposed
algorithm are studied in simulation.

I. INTRODUCTION

Tethered robots, e.g., TReX [1], [2], are able to navi-
gate extreme terrains such as steep slopes on planetary
missions using the tensions provided by the tethers. A
successful exploration operation of this robot type on
extreme terrains (steep slopes) relies on the generation
of the desired amount of tension on the tether that may
not always be readily available. In such cases, the tether
can be wind around objects in the environment to induce
the capstan effect and the resulting friction can augment
the tension provided by the tether for robot navigation
on steep slopes. While there is some research on motion
planning for a single tethered robot [3]-[9] as well as
multiple tethered robots [10], [11], the focus has been
mostly on ensuring that the tether is not entangled, and
not much consideration is given to the tension provided
by the tether. In this paper, we study a path-planning
problem for tethered robots in environments where only
a finite amount of tension can be generated on a tether,
and the friction between the tether and the obstacles is
used to augment the total force provided by the given
tether configuration for the successful operation of the
tethered robots in extreme regions.

In [4], [5], the authors develop a motion planning
algorithm to find a path for a tethered robot in the
same homotopy class to navigate extreme terrains up
and down without tether entanglement using boundary
triangulated 2-manifold (BTM). While the algorithm
does result in paths that will allow the robot to navigate
slopes up and down without entanglement, the tether is
assumed to support any amount of tension which is not
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always possible on planetary extreme terrains. Authors
in [12] study the traversability of a rappelling rover
on extreme planetary terrains by studying the tether-
terrain interaction and also provide an ABIT* [13] based
algorithm to recommend traversable paths.

Authors in [14] study the problem of motion plan-
ning with winding angle constraints. The winding angle
constraints are specified as the total winding of the
path desired around each of the obstacles. The winding
angle constraints are carefully combined into a single
constraint and the state space is projected onto a higher-
dimensional covering space. The authors use Simplicial
A* algorithm [15] to solve the winding angle constrained
path planning problem on the higher dimensional cov-
ering space. However, determining the winding angle
constraints around each obstacle a priori to ensure a
desired amount of friction between the tether and the
obstacle surfaces (induced due to the capstan effect) is
very challenging.

In this paper, different from [14], we consider a single
winding angle constraint on the entire tether configu-
ration. Since the friction between the tether and the
obstacle surfaces is characterized by the total winding of
the tether around the obstacles, the total winding angle
constraint will ensure a desired amount of friction can
be generated between the tether and the object surfaces.
We develop a winding-constrained tangent-based Hybrid
A* (WiTHy A*), a variant of the Hybrid A* search
algorithm [16], that uses a variant of tangent graph [17]
as an underlying graph to find an optimal curvature-
constrained path from a start state to a goal state such
that a user-defined amount of friction induced due to
capstan effect is achieved along the tether connected
to the robot. Compared to the existing literature, the
contributions of this paper are: 1) Tangent graph-based
variant of A* to find an optimal path with winding angle
constraints, 2) In the absence of the winding angle con-
straints, the resulting tangent-based variant of hybrid A*
algorithm provides a computationally efficient path plan-
ner for curvature-constrained robots to find the shortest
path in polygonal obstacle-populated environments.

II. MODELING AND PROBLEM STATEMENT

Notation: ||| denotes the Euclidean norm of its argu-
ment. |-| denotes the absolute value of a scalar argument
and cardinality if the argument is a set. A\ B denotes all
the elements of the set A that are not in the set B. A
convex set is expressed as conv(vy, vy, Vs, ..., vy) where
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Fig. 1: Description of problem setup and illustrations of
feasible and infeasible tether configurations.

v; € R? denote the vertices of the convex set and are
sequentially numbered anticlockwise. Distance between
two position vectors r; and ro is defined as:

d(ry,r2) = |lry — 12| (2)
We consider an environment W C R3 consisting of
a flat terrain with polygonal shaped obstacles O =

conv ({r})k,rgk, ...,rii“"’k Jforallk € I, = {1,2,...,N,}

where r:r)k = [xik,yik]T for € {1,2,3,..., Ny ok } are the
vertices of the Oy and N, o, denote the total number of
vertices on Q. The boundary of Oy is denoted by 9Oj.

Further, we consider a ground robot whose position
and heading are given by p = [z,y]T € R? and 4,
respectively, has a circular footprint of size p,, and has
a tether attached on the top. The tether is anchored at
the initial position of the robot. The motion of the robot
is modeled using the unicycle kinematics as:

- m _ % _ 22?5533 3)

where v is a constant speed and w is the angular speed of
the robot. The angular speed is assumed to be bounded
as w < w. This imposes a curvature constraint on the
path that can be traversed by the robot. The minimum
v

turning radius possible for the robot becomes Porn = 5

Inspired from [18] and [19], the boundaries 9Oy are
inflated by size of p; (> max(pr,p, )) to account
for safety, agent size and minimum turning radius. The
inflated obstacles are denoted by Oy, and are given as
(cf. Fig. 1): O = O, @ B(ps), where @ denotes the
Minkowski sum of the sets and B(pz) denotes a ball of
radius ps centered at the origin.

We make the following assumptions about the tether.

Assumption 1: The tether connected to the robot: 1)

is retractable, 2) can be ensured to stay taut during the
motion of the robots.

Assumption 2: The robot cannot physically cross
the tether.

We define a path and tether configurations as follows.

Definition 1 (Path): A path P is defined as a union
of path segments, P = Ufi"flfr?fl, where r;r;;; denotes
either a straight line or a circular arc segment connecting
the points r; and r;4 foralli € {1,2, ..., Nps }, where N,
is the total number of path segments on the given path.
The length of a path is defined as: [(P) = Zf\]:pf (i),
where I(r;r;1,) is equal to the distance d(r;, r;11) if the
path segment is a straight line or is equal to the length
of the arc if the path segment is a circular arc.

Definition 2 (Tether Configuration): A tether con-
figuration that is achieved by the robot moving on a
path P is defined as T(P) := U;y:‘ll_lm with inter-
mediate tether segments aja; 1 defined similarly to path
segments in Definition 1, where a; is the jth anchor point
along the tether and N, is the total number of anchor
points on the tether.

Under Assumption 2, only some of all the tether config-
urations are possible to achieve for the robot. Formally,
we define the following.

Definition 3 (Feasible Tether Configuration (FTC)):

A tether configuration 7 (P) is said to be a feasible
tether configuration if it can be achieved by the robot
without having to cross the tether.
The examples of feasible tether configurations are given
in Figure 1. Note that a tether configuration is still
feasible if the tether winds around an obstacle and only
touches the existing tether at a point and then deviates
away from that point, for example, 75 in Fig. 1. This is
because the tether only touches and the robot does not
have to cross the tether to achieve this configuration.

At each anchor point a; = [24;,v;]7 on the tether,
we define winding angle ¢; as the angle by which the
tether bends at that anchor point. If the tether segments
on either side of the given anchor point are straight lines
then the winding angle ¢; is defined as:

cos_l( (2;—a;-1) _(841-2,) ) if j € [1,N, — 1];
b; = l(aj—a;-1)ll(aj+1—a;)] )’ e ’
0, otherwise.

(4)

The total winding angle of a tether configuration 7 (P)
is defined as follows.

Definition 4 (Total winding angle): The total wind-
ing angle on the given tether configuration 7 is given as
O(T) =7 o5

The environment W is divided into two parts: 1) sec-
tion where no additional traction is required for the robot
to move, shown in white color in Fig. 1 and denoted by
Wi, 2) section where additional traction is required for
the robot to successfully move, shown in light blue color
in Fig. 1 and denoted by W;. For the robot to successfully
move from a start state to a goal state in W, region, it
requires a sufficient amount of traction. The tether when



wound around an obstacle provides some friction in the
opposite direction of the pull by the robot. The friction
provided by the tether is a function of the winding angle
of the tether around the obstacle surface. Thus, to ensure
a sufficient amount of friction is generated by the tether
for the robot’s successful motion, the total winding angle
on the resulting tether configuration 7 has to satisfy:

¢(T) > ¢des- (5)

The problem addressed in this paper is formally de-
fined as follows.

Problem 1: Given the environment W, the start state
ry of the robot in W, the goal state ry in W, N Wi,
the objective is to find the shortest path P for the robot
to move from start state r; to goal state ry such that
1) the path satisfies the curvature constraint, 2) on the
resulting path P the robot avoids the obstacles, i.e.,
P ¢ O £ {0 @D psase |k € I}, 3) the resulting tether
configuration 7 (P) is a feasible tether configuration, and
4) the winding angle constraints in Eq. (5) on the tether
are satisfied.

III. WINDING ANGLE CONSTRAINED MOTION
PLANNING

In this section, we describe our path planning algo-
rithm that uses the idea of C'-tangent graph [17] and the
hybrid A* graph search approach [16] together to solve
Problem 1. The idea is to use the C!-tangent graph de-
fined for a given obstacle-populated environment as the
underlying graph for the hybrid A* algorithm. Winding
around the obstacles is added as an additional state of
a given node in the search process. The winding angle
constraints are appropriately incorporated into the path
costs and the heuristic costs in order to expand nodes
that force the winding angle toward the desired winding
angle value. The details of the approach are discussed
in the following subsections. We first revisit the idea of
the tangent graph in the next subsection and then in the
following subsection, we describe the modified version of
the hybrid A* algorithm that uses this tangent graph for
searching a winding angle constrained shortest path.

A. C'-Tangent Graph

For an obstacle environment with convex polygonal
obstacles Oy, the construction of the C!'-tangent graph
denoted as G; involves connecting the enlarged obstacles
O}, with their common tangents; then, the points at
which these tangents touch the boundaries 9Oy, serve as
the nodes on G;. These nodes called tangent nodes are
formally defined as follows.

Definition 5 (Tangent Node): A tangent node vy in
a given C'-Tangent graph G; is either 1) a point on the
obstacle boundary 90, for some k € I,, where a tangent
from some other obstacle touches the boundary 00y, or
2) the end points of the straight line segments of the
boundary 90,.
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Fig. 2: Elements of C'-Tangent Graph and illustration of
heuristic path and the heuristic tether configuration.

A tangent node is said to lie on a vertex t of an obstacle
Oy, if the point is situated on the circular segment of the
boundary 90}, around that vertex.

Definition 6 (Neighboring tangent nodes): On  the
Cl-tangent graph G;, the neighbors of a given tangent
node vy that lies at vertex t of an obstacle Oy is a set
of all the tangent nodes that are connected to the other
tangent nodes on the same vertex t of O by a straight,
tangent line segment (for example, see the tangent node
vis5 on the vertex of the obstacle O3 shown in blue and
its neighbors also shown in blue in Fig. 2). Let N (vy)
denote the set of neighboring nodes of a given node vyy.

B. Winding-constrained tangent-based Hybrid A*

Now we describe the modified version of the hybrid
A* algorithm that uses a C!-tangent graph G; as the
underlying graph for search. Before we describe the
modified hybrid A* algorithm, we describe the modified
definitions of the components of the A* algorithm as
follows.

1) Graph Node: The tangent node in the tangent
graph is used to define a graph node. In addition to
the underlying tangent node vy, the given node v, has
the following additional attributes that are useful for the
search algorithm.

o Underlying tangent node, v,.vy = vy for some /;

e Parent node: the node from which the node v, is
created, v,.parent;

o Path from the start node to the node v,, v,.Ps =
v,.parent.Ps U P(v,.parent,v,);

o Tether configuration associated with the path from
the start node to the node v,:

v,.Ts = updateTetherConf (v,.parent.Ts,v,.P).



The function updateTetherConf (based on the an-
chor prediction algorithm in [12]) returns the up-
dated tether configuration when the robot moves on
the input path considering the given input tether
configuration as the initial tether configuration;

o Comparison operator: The comparison operator to
compare whether two nodes are the same or not is
overloaded such that the two nodes are said to be the
same if the entire history of the parents of the nodes
all the way until the start node is same otherwise
they are said to different.

2) Path costs: We seek to explore nodes in G; that will
give us the shortest path that satisfies the winding angle
constraint in Eq. (5). To do this, we first define a cost
metric associated with the winding angle constraint as:

fwc(¢) = max((bdes - ¢7 0) (6)
We then define the following weighted cost metrics.
Cost to reach a node: The cost to reach a node v, from
the start node is defined as a weighted sum of the total
length of the path from the start to v, and the winding
angle constraint cost (Eq. (6)) of the corresponding
tether configuration:

g[VL] = (]- - 'Vwc) * l(VL',Ps) + Ywe * fwc(¢(vp7;))a (7)

where v, € [0,1] is a user-defined weightage given to
the winding angle constraint cost.

Heuristic cost to reach the goal: For a given node
v,, we first define a heuristic path to goal Pheu(V.,Vg)
which is the shortest path from the node v, to the goal
that goes around the obstacle on which the node v,
lies but does not consider collisions with other obstacles
(see the magenta path shown in Fig. 2), denoted by
V,. Py = Pheu(Vi,Vg). The corresponding heuristic tether
configuration is given as v,.Ty = Ty, (Preu(V., Vvg)), where
Ty, (Pheu(v.,vg)) is the tether configuration achieved by
the robot after moving on the path Ppe,(v,,v,) and
considering the first anchor point to be the same as the
last anchor point of the tether configuration v,.7; (see
Fig. 2). The winding angle at the first anchor point of
this heuristic tether is the angle made by the first tether
segment on the heuristic tether with the last segment of
the tether configuration v,. 7.

The heuristic cost associated with the heuristic path
from the node to the goal and the corresponding heuristic
tether configuration is defined as:

h[VL} = (1 - ’ch) * Z(Vupg) + Ywe * fwc((b(vb'?;))' (8)

The estimate of the cost of the path going through v, to
the goal is then obtained based on P« (v,) as follows:

flvi] = glv.] + hlv.]. 9)

3) The WiTHy A* Algorithm: The modified version
of the hybrid A* which we call winding-constrained
tangent-based hybrid A* (abbreviated as WiTHy A*) is
described in Algorithm 1. The main idea in the WiTHy
A* algorithm is to 1) expand the reachable tangent nodes

Algorithm 1: WiTHy A*: Winding-Constrained
Tangent-Based Hybrid A*
Input: vs <—1;, vg <14, O, Gy

Output: P

1 Function WiTHyA* (vs,vg,Gs, f,9):

2 Vop < {Vs};

8 | Vas{};

4 while V,, is not empty do

5 vp = argmin, ey, f[v];

6 Paus(Vp,vy) = dubinsPath(vp, vg)

7 if Paus(Ve,vg) C Wy \ O then

8 T’ < updateTetherConf (vy. 7y, Paub(Vp, Vg))
9 if (T') > Pges then

10 if isFeasible(7’) then

11 P = bestPathAmong(V,,, vs)
12 L return P

13 V,p-remove(vy)

14 N(vp) = childrensOf(vp)

15 for each v, in N.(v;) do

16 if v,, in V. then

17 L continue;

18 if not isFeasible (v,.7;) then
19 V.i.append(vy,)

20 L continue;

21 if v, not in V,, then

22 L Vop-append(vy,)
23 return P

on the vertices of the nearby obstacles in the underlying
C'-tangent graph, 2) use costs based on the path length
and the tether winding defined earlier to compare the
nodes, 3) continue exploring the graph until the goal
state is reached and the winding angle constraints are
satisfied and the tether feasibility is ensured.

In Algorithm 1, the function dubinsPath on line 8 is
a subroutine that returns the shortest Dubins path be-
tween the input nodes. The function isFeasible returns
whether the input tether configuration is feasible or not
by checking any possible intersections of a tether segment
with any other tether segments in the tether configura-
tion. The function bestPathAmong returns a valid path, if
it exists, going through any of the nodes in the open node
set Vo, that is better than the already found valid path
going through the best node vy, otherwise the valid path
through v, is returned. The function childrensOf(v)
returns the set of nodes, among the neighboring nodes
N (v.v;) of the underlying tangent node, that can only
be reached when robot continues its forward motion.
All other nodes that require the robot to move in the
reverse direction to reach these nodes are excluded by the
childrensOf(v) function. Recall that the neighboring
nodes of an underlying tangent node do not lie on the
same obstacle vertex as the underlying tangent node.



Algorithm 2: Best Path among the nodes in a set V,,

Input: V,p, v, G;

Output: P
1 Function bestPathAmong (V,p,Vp):
for v, in V,, do
v,. P, = dubinsPath(v,,v,)
if v,.Py C Wy \ O then
vi.Tg =T, (V.- Py);
f[VL} = g[VL] + h[VL]§
if flv,] < f[vs] then

if (T") > dges then

L if isFeasible(7’) then

© o N o ;A W N

funy
o

| v =V

11 return P = v, Py Uvy. Py

This is done to speed up the search process. Any collision-
free and curvature-constrained path can only pass around
the vertices of obstacles. Once we have selected a tangent
node on a vertex of an obstacle, any other tangent node
on that vertex will lie on the Dubins path connecting
the selected node to the goal state and hence expanding
to the other tangent nodes on the same vertex leads to
unnecessary node expansions. That is why only tangent
nodes on nearby vertices are considered for expansion.

Next, we formally discuss the condition under which
completeness of Algorithm 1 can be guaranteed.

Theorem 1: For any environment with a finite number
of polygonal obstacles O = {Oy € I}, if there exists
a path from the initial state rs to r, that satisfies
the conditions 1-4 in Problem 1, then the WiTHy A*
algorithm given in Algorithm 1 is guaranteed to find such
a path with y,. =1 in Eq. (7) and (9).

Proof: For 7, = 1, we have the estimate of the cost
of a path going through a given node as:

f[VL} = fw6(¢((vb7;)) + fw6(¢((vb'7;]))‘ (10)

This implies that the cost of the path is entirely defined
based on the winding angle of the tether configuration.
Since we have a finite number of obstacles in the envi-
ronment, we will have a finite number of tangent nodes
in the associated C'-tangent graph G;. When the same
tangent node in G; can be reached via different paths,
the corresponding WiTHy A* graph nodes are considered
to be different and hence a new WiTHy A* graph
node is added to the open node list V, (lines 22-23 in
Algorithm 1). An infinite number of paths, that possibly
have an infinite amount of winding around obstacles, can
exist between a given node and the start node. However,
under Assumption 2, the tether configurations are not
allowed to have a loop in them, and hence any path
from a start node to a given node that has a loop in
the associated tether configuration will never have a
corresponding WiTHy A* graph node added to the open
list V,p. This implies that there will only be a finite

number of WiTHy A* graph nodes added to the open list
Vop- Now, any path created on G; will satisfy conditions
1land 2 if p; > max(psafe,gtum). Hence, by virtue of the
finiteness of the open nodes, if there exists a path that
also satisfies conditions 3 and 4, then the Algorithm 1 is
guaranteed to find it in a finite number of iterations. W

Although, as established in Theorem 1, the WiTHy
A* guarantees completeness when ~v,,. = 1, the resulting
path is not necessarily the shortest of the possible paths.
Finding the shortest path that solves Problem 1 requires
an appropriate value of the weight ~,,. of the winding
angle constraint cost f,.. However, choosing this value
may not be trivial. How to appropriately choose this
weight v, will be studied in future research.

In the absence of the winding angle constraints,
WiTHy A* results in a tangent graph-based variant of
hybrid A*, similar to [20], where only the tangent points
of inflated obstacles are expanded during the search
process resulting in a significantly smaller number of
expansions during the search than when using a grid of
the configuration space as nodes in the standard hybrid
A* algorithm [16]. Hence, WiTHy A* can generally
compute the shortest path between the start and the goal
state faster when compared to the standard hybrid A*.

IV. RESULTS

In this section, we study the effectiveness and perfor-
mance of the proposed algorithm via simulation studies.
We consider an environment with 4 obstacles defined
as: 01 = conv([6,5]7,[12,5]T,[12,10]7,[6.1,10]7), Oy =
conv([15,17]7,[20,17.5]7,[19,22]T, [15,22]T), O3 =
conv([15.9,9.5]7,[18,6]7, [19.6,12]7, [17,13]T, [15.2,12]T),
04 = conv([2,17)7,16,17]7,[6.7,21]7, [5,23]T,[1.9,19]7).
The robot starts at rs = [2.5,1.5,0]7 and the goal state
is ry = [20.5,26.5, 7], The paths obtained by WiTHy
A* for the above parameters for various choices of
desired winding angle ¢g4.s for v,. = 1 are shown in
Figure 3 and the corresponding animations can be found
at https://tinyurl.com/5n9282Kk5.

The actual values of the tether winding angles on these
paths, the path lengths, and the numbers of while loop
iterations in Algorithm 1 to find these paths are given
in Table I. The maximum winding angle possible for

TABLE I: Path data for various desired winding angles
for vy = 1.

Ddes o(T(P))) 1(P) Number of iterations
1.57 1.75 36.19 9
3.14 3.86 47.05 59
4.71 8.53 78.52 352
6.28 8.53 78.52 256
7.85 8.53 78.52 20
9.42 10.80 97.56 604
10.99 13.74 125.14 1330
12.57 13.74 125.14 1302
14.14 14.35 120.51 1950
15.71 | no valid path | no valid path 2716
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(d) Pges = 9.42 rad

(e) pges = 12.57 rad

(f) ¢aes = 14.14 rad

Fig. 3: Paths obtained by WiTHy A* for different desired winding angles.

TABLE II: Path data for various values of 7, for ¢ges =
6.28.

Ywe | ¢(T(P))) | I(P) [Number of iterations
0 0.48 32.08 3

0.1 6.289 68.29 343

0.3 6.289 68.29 321

0.5 6.289 68.29 282

0.7 6.289 68.29 187

0.8 6.289 68.29 129

0.9 7.26 74.41 62
1 8.53 78.52 256

the given start and goal state and given obstacles is
14.35 rad. As we can observe from Table I, a path is found
for every desired value of winding angle below 14.35 rad.
However, Algorithm 1 reports after 2716 iterations that
there is no path found for the desired winding angle equal
to 15.71 rad because there does not exist any path that
will be able to satisfy the 15.71 rad winding angle on the
accompanied tether configuration. Although there are
some exceptions, the general trend is that as we increase
the desired winding angle value, the more the number of
iterations will be required to find the path.

Next, we provide the path lengths and winding angles

of the paths obtained for various values of the friction
cost weightage 7, for a desired winding angle ¢ges =
6.28 in Table II. As we can observe, the path obtained
with v, = 1 does satisfy the desired winding angle
constraints, as expected courtesy of Theorem 1, but it
is not necessarily the shortest possible path. Choosing
Ywe between 0.1 and 0.8 results in the shortest path that
achieves the desired winding angle ¢4, = 6.28.

V. CONCLUSIONS

In this paper, we proposed a winding-constrained
tangent-based hybrid A* algorithm that uses a variant of
the tangent graph as the underlying graph in the hybrid
A* algorithm to find the shortest path for a tethered
unicycle robot with winding angle constraints on the
tether configuration. The performance of the proposed
algorithm is studied in simulation. It is observed that
the proposed algorithm always finds a path that satisfies
the user-defined winding angle constraints if such a
path exists for the given start and goal states in the
given obstacle environment. Furthermore, the algorithm
returns a shortest path that satisfies the user-defined
winding angle constraints for an appropriate value of the
weightage vy, given to the winding angle constraint cost.
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